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Semiconductor manufacturing industry has elevated cost in productions. Improvement of production
efficiency is always an important goal for manufacturers. Run-to-run control has been widely used in
batch manufacturing processes to reduce variations. Threaded exponentially weighted moving average
(threaded-EWMA) run-to-run control is an important and stable control scheme. In this paper, we study
the drifted process with mixed products are manufactured in cycles on the same tool, and find that the
process outputs will be off target greatly at the beginning runs of cycle 1, 2, . . . if the product has a long
break length. In order to reduce a possible high rework rate, a threaded double EWMA (thread-dEWMA)
controller is used to handle the disturbance as well as the drift. By analysis of the system output, a drift-
compensatory approach is proposed to eliminate these large deviations. In order to enhance the system
performance, the well known ‘‘trade-off” solution is adopted to choose the optimal discount factors. Fur-
thermore, how to deal with process fault is also considered in this paper. Two kinds of fault – the step
fault and the ramp fault are discussed for fault tolerant approach which can reduce the large deviations
of process output from the specification. Simulation study showed that the proposed approaches are
effective.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

In the last years a great development in the field of semiconduc-
tor manufacturing has been achieved. Run-to-run control is one of
the most commonly used control approaches. It is a form of dis-
crete process and machine control in which the product recipe
with respect to a particular machine process is modified ex situ,
i.e., between machine ‘‘runs”, so as to minimize process drift, shift
and variability [1]. Exponentially weighted moving average
(EWMA) algorithm is often adopted in run-to-run control. Box
and Jenkins carried out pioneering work on the EWMA statistic
and showed that EWMA provides the minimum mean square error
forecast for an IMA(1, 1) process [2]. After Sachs and Hu introduced
EWMA into semiconductor manufacturing industry, a considerable
number of literatures discussed the choices of the optimal EWMA
weight [3]. Ingolfson and Sachs [4] and Smith [5] analyzed stability
and sensitivity of the process output for different closed-loop sys-
tems. Wang and He analyzed and compared the behaviors of
EWMA controller with gain and intercept updating [6].

Many researchers showed that the use of the single EWMA
(sEWMA) controller is very effective to reduce variability in the
ll rights reserved.
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dynamics of the processes without drift. However, many applica-
tions had been shown that sometimes drift can occurs gradually
due to worn-out tools and disturbances. At this time sEWMA con-
troller will bring the process output off target. For this reason, But-
ler and Stefani proposed a double EWMA (dEWMA) controller for
the process with deterministic linear drift [7]. It is proved that
the dEWMA filter is a minimum mean square error controller for
an IMA(2, 2) process [8]. Del Castillo analyzed its stability condi-
tions, long-run behavior and transient effects, and proved that
the dEWMA controller is not a minimum variance controller for
processes with drift but it does provide unbiased control. In order
to balance long-run variance and transient effect, he proposed a
method called ‘‘trade-off” solution to find the optimal weights of
the dEWMA controller [9]. Tseng et al. derived an exact expression
for the process output of a dEWMA controller under the assump-
tion that the process disturbance follows a general ARIMA(p, d, q)
model, they also derived the optimal discount factors by minimiz-
ing the rework rate of the process output [10]. For the SISO system
with a linear drift, Tseng et al. proposed variable EWMA controller
to enhance the system performance [11]; For the first-order MIMO
process with a linear drift, they obtained the stability condition for
the process, and derived a formula for the adequate sample size
required to achieve stability for the closed-loop system with a
guaranteed probability. They also described how the offline
nd fault tolerant approach for mixed-product run-to-run control, J. Process
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DOE/RSM is conducted to obtain process parameter estimates [12];
For drifted MIMO systems, Lee et al. derived an analytical expres-
sion for the process output of a double multivariate EWMA con-
troller and discussed the problems of the stability conditions of
the system [13]. Chen et al . constructed the disturbance model
for the aluminum sputter deposition process and derived the
extending Kalman filter (EKF) controller by the time series model.
Also they have applied the dEWMA controller, time-varying dEW-
MA controller, age-based dEWMA controller, and EKF controller to
aluminum sputter deposition processes for predicting deposition
rates [14].

All the aforementioned models are based on the assumption
that there is only a single product in the manufacturing tool. Few
researchers emphasized on mixed-product process until Edgar
et al. reviewed the problems of mixed-product run-to-run control
in a high-mix fab [15] and proposed just-in-time adaptive distur-
bance estimation (JADE) algorithm to isolate typical types of pro-
cess disturbance [16]. Vanli et al . proposed a model selection
approach to identify the context variables that contribute most
to the process [17]. Ma et al. analyzed tool and product effects in
a mixed-product and parallel tool environment [18] and proposed
ANOVA approach to deal with run to run control of a high mixed
operation [19]. Zheng et al . studied a drifted process with two
products are manufactured on the single tool and proposed two
kinds of control method – ‘‘tool-based” and ‘‘product-based” ap-
proach [20]. They found that the ‘‘tool-based” approach is unstable
when the plant is non-stationary and the plant-model mismatch
parameters are different for different products, while the ‘‘prod-
uct-based” approach, i.e., threaded-EWMA approach is stable. Wu
et al. gave further experimental study to prove the above results
[21].

Giving the further study on the model proposed in [20], we
found that if the product has a long break length, then at the begin-
ning runs of each cycle the process output will be far deviated from
target (see the example in Section 2). It usually takes a moderately
large number of runs to bring the process output to its target and
causes tremendous waste, however, it is well known that modern
semiconductor manufacturing has always been an industry with
high capital investment, improvement in production efficiency will
potentially be very beneficial to manufacturers. In this paper,
based on a threaded-dEWMA controller, the problem of large devi-
ations at the beginning runs of each cycle is studied; a drift-com-
pensatory approach is proposed to reduce these large deviations.
In order to enhance the system performance, the ‘‘trade-off” solu-
tion is adopted to choose the optimal discount factors. Moreover,
we also consider the effect of fault, two kinds of faults – a step fault
and a ramp fault are discussed, and fault tolerant approach is
proposed.

For case of presentation, the remainder of the paper is orga-
nized as follows: in Section 2, the problem formulation is pre-
sented and an example is provided to illustrate the main
problems of threaded-dEWMA approach. In Section 3, performance
analysis of the system is provided, a drift-compensatory approach
is proposed and the ‘‘trade-off” solution is adopted. The step as
well as the ramp faults are considered, corresponding fault tolerant
approach is introduced in Section 4. In Section 5, simulation stud-
ies are provided. Conclusions are presented in Section 6. Details of
mathematical derivations are given in Appendices.
Fig. 1. An example of a tool m
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2. Problem formulation

In semiconductor manufacturing batch processes, mixed prod-
ucts are usually manufactured on the same tool. In this paper,
we consider a case that p products are manufactured on a single
tool (as shown in Fig. 1). The production schedule consists of i runs,
in which j1 runs are used to manufacture product 1; j2 runs are
used to produce product 2, and so on, then j1, is defined as the cam-
paign length for product 1, i � j1 is called break length of product 1.

Each step in semiconductor manufacturing will be a compli-
cated physiochemical batch process; the input–output relationship
is of course a nonlinear model. However, the complexity of the pro-
cess and nonlinear model will make the system too complicated to
analysis. Up to now, very few papers have discussed the nonlinear
model, instead they choose linear model to approximate the prac-
tical system and this will help to simplify system analysis. In this
paper, we also choose linear model for simplicity, and assume that
the input–output relationship for the products on the given tool is
linear with different intercepts a1, a2, . . . , ap and slopes
b1, b2, . . . , bp, all the products share the same tool disturbance
gitþn, i.e.,

Yitþn ¼

a1 þ b1uitþn þ gitþn; 1 6 n 6 j1;

a2 þ b2uitþn þ gitþn; j1 þ 1 6 n 6 j2;

..

.

ap þ bpuitþn þ gitþn; jp þ 1 6 n 6 i:

8>>>>><
>>>>>:

ð1Þ

where uit+n is the manipulated variable at the beginning of the
(it + n)th run, t is the number of cycle, Yit+n(n = 1, 2, . . . , j1) is the out-
put of product 1, Yit+n(n = j1 + 1,j1 + 2, . . . , j2) is the output of product
2, and so on. An IMA (1, 1) disturbance with deterministic linear
drift d is used to model the change in tool condition, i.e.,

gs � gs�1 ¼ es � hes�1 þ d ð2Þ

where es is independent identically distributed random variable and
es � Nð0;r2Þ.

In threaded-EWMA run-to-run control, the EWMA filter action
is performed according to the last run on which the same product
is processed instead of the previous run in which a different prod-
uct may have been processed. Thus, the output of product 1 is irrel-
evant with what is produced by the i � j1 break runs, however, it is
relevant with what is produced by the j1 campaign runs. Without
loss of generality, we will only discuss the performance of the
product 1 in this paper; the next cases are just a generalization
of the product 1’s case.

Butler and Stefani proposed the double EWMA controller (pre-
dictor-corrector controller) to update recursively the estimation
of the unknown parameters a, D and the manipulated variable uit+n

[7].
Let u1 ¼ T1

b1
be the initial value, then

uitþn ¼

T1�a0�D0
b1

; n ¼ 1 and t ¼ 0;

T1�aiðt�1Þþj1
�Diðt�1Þþj1

b1
; n ¼ 1 and t P 1;

T1�aitþn�1�Ditþn�1
b1

; n ¼ 2;3; . . . ; j1

8>>>><
>>>>:

ð3Þ

where T1 is the desired target of the product 1 and
anufacturing p products.

nd fault tolerant approach for mixed-product run-to-run control, J. Process
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aitþn ¼
k1ðY1 � b1u1Þ; n ¼ 1 and t ¼ 0;
k1ðYitþ1 � b1uitþ1Þ þ ð1� k1Þaiðt�1Þþj1 ; n ¼ 1 and t P 1;
k1ðYitþn � b1uitþnÞ þ ð1� k1Þaitþn�1; n ¼ 2;3; . . . ; j1:

8><
>:

ð4Þ

Ditþn ¼

k2ðY1 � b1u1Þ; n ¼ 1 and t ¼ 0;
k2ðYitþ1 � b1uitþ1 � aiðt�1Þþj1 Þ þ ð1� k2ÞDiðt�1Þþj1 ;

n ¼ 1 and t P 1;
k2ðYitþn � b1uitþn � aitþn�1Þ þ ð1� k2ÞDitþn�1; n ¼ 2;3; . . . ; j1

8>>><
>>>:

ð5Þ
For (4) and (5), we have that k1; k2 2 ½0;1� are called discount factors
and that b1 is the estimate of b1, which can be obtained by design of
experiments (DOE) in a pre-control phase.
Fig. 2. Output of produ

Fig. 3. Behavior of the product 1 for a spec
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Example. Set the true parameters of product 1 to be a1 = 2,
b1 = 1.5, h = 0.5, r = 1, d = 0.5, j1 = 100, and i = 200 randomly.
Assume the least square estimation (LSE) for b1 is b1 = 1, the initial
value of (a, D) are (a0, D0) = (0, 0), and the target of product 1 is
T1 = 0. Fig. 2 shows the outputs of product 1 by using threaded-
dEWMA controller with discount factors ðk1; k2Þ ¼ ð0:1;0:1Þ. From
the figure, it can be noticed that at the beginning runs of each cycle,
especially for t = 1, 2, 3, the process outputs are deviated very far
from the target, however after several runs of oscillation, the
outputs are going to hit the target.

To better understand the performance of the threaded-dEWMA
controller, the output of product 1 in cycle 0 is amplified in Fig. 3.
From the Figure, it’s obvious that the output converges to the
ct 1 in cycle 0–3.

ified interval of run taken from Fig. 2.

nd fault tolerant approach for mixed-product run-to-run control, J. Process
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desired target slowly. The mean square error (MSE) and variance of
product 1 in cycle 0 are 1.732 and 1.697 respectively, therefore for
this cycle, it is necessary to repeat the production and get small
MSE and variance which will bring about a high rework rate and
lots of waste wafers although the process is stable at last.

In the following sections, we give answers to the related ques-
tions formulated according to our example:

(1) How to reduce large deviations at the beginning runs of
cycle 1, 2, . . .?

(2) How to accelerate the convergence rate and reduce the MSE
and variance? i.e., how to choose the optimal discount
factors?

(3) How to deal with a sudden fault?

3. The optimal drift-compensatory approach

In this section, the condition for stability of the process based on
threaded-dEWMA run-to-run control will be discussed and also we
will introduce the new solution called ‘‘drift-compensatory ap-
proach” to avoid the cause of large deviations in the first few runs
of cycle 1, 2, . . . via the analysis of the system-output.

Furthermore, in order to enhance the system performance, the
‘‘trade-off” solution is used to obtain the optimal discount factors
of the controller.

3.1. Stability analysis

Stability is a fundamental requirement for any process. An
unstable control scheme should not be implemented. In this sub-
section, we shall examine the influence of model error and the dis-
count factors on the stability of the threaded-EWMA scheme. The
output of the product 1 is expressed as follows:

Result 1. Output of the product 1 at the nthðn P 2Þ run in cycle 0
can be expressed as:

n�2
Yn ¼ un�1
1 ða1 þ n1T1 þ g1Þ þ

X
k¼0

uk
1n1ðk1 þ k2ÞT1

�
Xn�2

k¼0

uk
1Dn�2�kn1k1 þ

Xn�2

k¼0

uk
1ðgn�k � gn�k�1Þ ð6Þ

where n1 ¼ b1
b1
; u1 ¼ 1� n1ðk1 þ k2Þ, and n1 is defined as the model

error of the process gain.

Proof. See Appendix A for details.

Result 2. Outputs of the product 1 at the first and the nthðn P 2Þ
run in cycle tðt P 1Þ are given by:
Yitþ1 ¼ uj1t�1
1 ½a1 þ n1T1ðu1 þ k1 þ k2Þ � n1ðk1 þ k2Þða1 þ g1Þ þ g2�

þuj1ðt�1Þþ1
1

Xj1�3

k¼0

uk
1½n1ðk1 þ k2ÞT1 þ ðgj1�k � gj1�k�1Þ

� Dj1�k�2n1k1� þuj1ðt�1Þ
1 n1ðk1 þ k2ÞT1

�uj1ðt�1Þ
1 Dj1�1n1k1 þuj1ðt�1Þ

1 ðgiþ1 � gj1
Þ

þ
Xt�2

m¼0

umj1
1

Xj1�1

k¼1

uk
1½n1ðk1 þ k2ÞT1 þ giðt�m�1Þþj1þ1�k

(

� giðt�m�1Þþj1�k� þ n1ðk1 þ k2ÞT1

�
Xj1�2

k¼0

uk
1Diðt�m�1Þþj1�k�1n1k1 �uj1�1

1 Diðt�m�2Þþj1 n1k1

þ giðt�mÞþ1 � giðt�m�1Þþj1

o
ð7Þ
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Yitþn ¼ un�1
1 Yitþ1 þ

Xn�2

k¼0

uk
1n1ðk1 þ k2ÞT1 þ

Xn�2

k¼0

uk
1ðgitþn�k

� gitþn�k�1Þ � ðc2u
n�2
1 Diðt�1Þþj1 þ

Xn�3

k¼0

uk
1Ditþn�k�2Þn1k1 ð8Þ

where c2 ¼
0; n < 2;
1; n P 2:

�
.

Proof. See Appendix B for the procedure.

Proposition. If ju1j P 1, then the process is unstable.

Proof. If u1 P 1 or u1 6 �1, from (6) and (8), it can be
deduced that the outputs are unstable.
3.2. Drift-compensatory control

As illustrated in Fig. 2, at the beginning runs of cycle tðt P 1Þ,
the process output presents a great deviation from the desired tar-
get. In this subsection, the cause of this problem is found and an
effective method is introduced to avoid the large deviation and
take the process output to the desired target.

Consider, for instance, that |/1| < 1, then substitute (2) into (6)–
(8), we have

Yn ¼ un�1
1 a1 þ ½un�1

1 ðn1 � 1Þ þ 1�T1 �
Xn�3

k¼0

uk
1Dn�2�kn1k1

þ 1�un
1

1�u1
dþun�2

1 ½ðu1 � hÞe1 þ e2� þ
Xn�3

k¼0

uk
1ðen�k � hen�k�1Þ

ð9Þ

Yitþ1 ¼ T1 þ
u1

1�u1
þ i� j1 þ 1

� �
d

�
Xj1�2

k¼0

uk
1Diðt�1Þþj1�k�1n1k1 þ ð1� hÞ

Xi

k¼j1þ1

eiðt�1Þþk

þ ðu1 � hÞ
Xj1�2

k¼0

uk
1eiðt�1Þþj1�k þ eitþ1 ð10Þ

Yitþn ¼ un�1
1 Yitþ1 þ T1 �un�1

1 T1

� c2u
n�2
1 Diðt�1Þþj1 þ

Xn�3

k¼0

uk
1Ditþn�2�k

 !
n1k1

þ
Xn�2

k¼0

uk
1ðeitþn�k � heitþn�k�1 þ dÞ ð11Þ

where n P 2.
Taking the mathematical expectation for (9) and defining n = j1,

then

EðYj1 Þ � T1 ¼ uj1�1
1 a1 þuj1�1

1 ðn1 � 1ÞT1 �
Xj1�3

k¼0

uk
1Dj1�2�kn1k1 þ

1�uj1
1

1�u1
d

¼ 1
1�u1

d�
Xj1�3

k¼0

uk
1Dj1�2�kn1k1 ð12Þ

Again, taking the mathematical expectation for (10) and (11),
we get

EðYitþnÞ � T1 ¼ un�1
1

u1

1�u1
þ i� j1 þ 1

� �
þ 1�un�1

1

1�u1

� �
d

� ½un�1
1

Xj1�2

k¼0

uk
1Diðt�1Þþj1�k�1 þ c2u

n�2
1 Diðt�1Þþj1

þ
Xn�3

k¼0

uk
1Ditþn�2�k�n1k1 ð13Þ

where n P 1.
nd fault tolerant approach for mixed-product run-to-run control, J. Process
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Combining (12) and (13), we have the following result:
Result 3: The mainly biases of process outputs between the

(it + 1)th and (i(t � 1) + j1)th run, (it + 2)th and (it + 1)th run,
(it + n)th and (it + n � 1)th run are:

EðYitþ1Þ � EðYiðt�1Þþj1 Þ ¼ ði� j1Þdþ A ð14Þ
EðYitþ2Þ � EðYitþ1Þ ¼ ðu1 � 1Þði� j1Þdþ B ð15Þ
EðYitþnÞ � EðYitþn�1Þ ¼ un�2

1 ðu1 � 1Þði� j1Þdþ C ð16Þ

where

A ¼ ½ð1�u1Þ
Xj1�2

k¼1

uk�1
1 Diðt�1Þþj1�1�k � Diðt�1Þþj1�1�n1k1;

B ¼ ½ð1�u1Þ
Xj1�2

k¼0

uk
1Diðt�1Þþj1�1�k � Diðt�1Þþj1 �n1k1;

C ¼ fð1�u1Þ½un�2
1

Xj1�2

k¼0

uk
1Diðt�1Þþj1�1�k þun�3

1 Diðt�1Þþj1

þ c4

Xn�3

k¼1

uk�1
1 Ditþn�2�k� � Ditþn�2gn1k1;

n P 3; t P 1; and c4 ¼
0; n < 4;
1; n P 4:

�

Proof. It can be derived from (12) and (13) directly.

Remark 1. If the product has a long break length, it is obvious
from (14) that the bias of the process output at the first run of cycle
tðt P 1Þ will be very large.

Remark 2. Eq. (15) shows that the bias of process output at the
second run is smaller than that at the first run in cycle tðt P 1Þ.

Remark 3. It can be concluded from (16) that un�2
1 ðu1�

1Þði� j1Þd < 0 and C > 0. However, for a long break length, when
n has small values, we have that jun�2

1 ðu1 � 1Þði� j1Þdj � C, so
the influence of C in the process can be ignored. In fact, this is
the main reason why the output of the system presents large devi-
ation from the desired target. On the other hand, after considerable
runs, we have that jun�2

1 ðu1 � 1Þði� j1Þdj 6 C, so the factor C
starts to affect the bias and the oscillation of the output of the sys-
tem starts.

According to our analysis, we found that the general threaded-
dEWMA controller spends a lot of runs of trying to eliminate the
large deviations. But generally the campaign length j1 is not long
enough for general threaded-dEWMA controller to do that work.
Even if the campaign length is long enough, it will bring high re-
work rate and poor efficiency. In order to solve these problems,
in what follows, we will propose the drift-compensatory approach,
which will compensate the outputs at each run, i.e.,

3.2.1. Drift-compensatory approach
The output of product 1 at the nth run in cycle tðt P 1Þ is com-

pensated as follows:

ðŶ itþnÞnf ¼ Yitþn þ ½un�1
1

Xj1�2

k¼0

uk
1Diðt�1Þþj1�k�1 þ c2u

n�2
1 Diðt�1Þþj1

þ
Xn�3

k¼0

uk
1Ditþn�2�k�n1k1

� ½un�1
1

u1

1�u1
þ i� j1 þ 1

� �
þ 1�un�1

1

1�u1
�d ð17Þ
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where ðŶ itþnÞnf is the compensated output.Eq. (17) can be concluded
from (13) directly.As shown in Fig. 2, the output will reach the tar-
get after several runs, therefore we only need to compensate the
beginning runs of cycle tðt P 1Þ to get a desired output response.

3.3. Optimal discount factors selection

To further enhance the performance of the process, it is always
preferable to find the optimal discount factors of the threaded-
dEWMA controller. Hence, in this subsection, the ‘‘trade-off” solu-
tion proposed by Del Castillo is adopted [9] to choose such dis-
count factors. These optimal discount factors should not only
balance the transient and long-run behavior, but also minimize
the total mean square error and the variance of system output.

The optimal problem proposed by Del Castillo in [9] is listed as
follows:

min
k1 ;k2

lims!1VarðYsÞ þ
Sm

m

� �
ð18Þ

Constraint condition: 0 6 k1 6 1, 0 6 k2 6 1.
where

Sm ¼
Xm

l¼1

½EðYlÞ � T�2 ð19Þ

The value of m in (19) is the run number until the transient ef-
fect is measured. By using the drift-compensatory approach, the
transient response will only take effect at the beginning runs of cy-
cle 0, therefore m will be smaller than j1. To determinate a good va-
lue for m, we need to select this parameter according to the
transient effect of the output.

In order to find the optimal discount factors, the explicit form of
(18) and (19) should be derived.

The expectation and variance of Yn can be got from (9):

EðYnÞ ¼un�1
1 a1þ ½un�1

1 ðn1�1Þþ1�T1�
Xn�3

k¼0

uk
1Dn�2�kn1k1þ

1�un
1

1�u1
d

ð20Þ

VarðYnÞ ¼
(
½ðu1 � hÞ2 þ 1�u2ðn�2Þ

1 � 2hu2ðn�5Þ
1

þ ð1þ h2Þð1�u2ðn�2Þ
1 Þ � 2hu1ð1�u2ðn�3Þ

1 Þ
1�u2

1

)
r2 ð21Þ

Substituting (20) into (19), we have the following equation:

Sm ¼
Xm

l¼2

ul�1
1 a1 þul�1

1 ðn1 � 1ÞT1 �
Xl�3

k¼0

uk
1Dl�2�kn1k1 þ

1�ul
1

1�u1
d

" #2

ð22Þ

From (9), we know that E(Y1) is not a functions of k1; k2, so it is omit-
ted here.

Result 4. The asymptotic variance (AV) of product 1 is

lim
t!1
n!1

VarðYitþnÞ ¼
1� 2hu1 þ h2

1�u2
1

 !
r2 ð23Þ

Proof. See Appendix C for details.

From (23) it is obvious that the AV of product 1 is not a function
of d. Substituting (22) and (23) into (18), we have the following
optimal problem:
nd fault tolerant approach for mixed-product run-to-run control, J. Process
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Objective function:

mink1 ;k2

1
m� 1

Xm

l¼2

½ul�1
1 a1 þul�1

1 ðn1 � 1ÞT1

(

�
Xl�3

k¼0

uk
1Dl�2�kn1k1 þ

1�ul
1

1�u1
d�2 1� 2hu1 þ h2

1�u2
1

 !
r2

)

ð24Þ
subject to: 0 6 k1 6 1;0 6 k2 6 1 and |u1| < 1.

Solutions of this optimization problem can be achieved by the
grid search method that evaluates function (24) over a grid of val-
ues in the ðk1; k2Þ plane.

4. Fault-tolerant approach

Faults are common in semiconductor manufacturing industry.
Generally when faults happen is unknown, however, the faults will
bring destruction to the process. In this section, two kinds of fault –
the step fault and the ramp fault are considered and fault tolerant
(FT) approach is investigated.

4.1. The step fault

If a step fault fs happens at the hth run, we have

fs ¼
f ; s P hth;

0; s < hth:

�
ð25Þ

where f is the magnitude of the fault.
Let ws be defined as the total of the process disturbance and

step fault at the sth run, i.e.,

ws ¼ gs þ fs ð26Þ

Then, we have following approach.

4.1.1. Drift-compensatory approach in present of step fault
After a step fault happens, the compensated output of product 1

at the nth run in cycle tðt P 1Þ should be compensated as follows:
Fig. 4. Outputs of product 1 and product 2 with
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ðŶ itþnÞsf ¼ Yitþn þ un�1
1

Xj1�2

k¼0

uk
1Diðt�1Þþj1�k�1 þ c2u

n�2
1 Diðt�1Þþj1

 

þ
Xn�3

k¼0

uk
1Ditþn�2�k

!
n1k1 � un�1

1
u1

1�u1
þ i� j1 þ 1

� ��

þ 1�un�1
1

1�u1

�
d�un�1

1 ðfitþ1 � fiðt�1Þþj1 Þ

�
Xn�2

k¼0

uk
1ðfitþn�k � fitþn�k�1Þ

�un�1
1

Xj1�1

k¼1

uk
1ðfiðt�1Þþj1þ1�k � fiðt�1Þþj1�kÞ ð27Þ
Proof. See Appendix D for details.

Remark. Assume that a step fault happens at the hth run in cycle
tðt P 1Þ, if we still use the drift-compensatory approach which
does not consider the fault (as presented in Section 3.2), it can be
concluded from (27) that the process output at the (h + k)th run

in cycle t will be uk
1f away from target, and un�1

1
uj1

1 �uj1þ2�h
1

1�u1
f away

from target at the nth run in cycle t + 1, however, the output will
hit the target after the (t + 1)th cycle. If the value of f in (25) is
unknown, we have the following theorem to estimate f .
Theorem 1. If a step fault happens at the hth run in cycle tðt P 1Þ,
then the estimated magnitude of the step fault is
f̂ ¼ ðŶ itþhÞnf � T1 ð28Þ
Proof. See Appendix E for details.

Remark. f̂ includes the output N1eitþh
, which is caused by instant

noise eit+h. So the actual value of the fault is f̂ � N1eitþh
. Since the

value of N1eitþh
is usually small compared with the value of the

fault, the influence of N1eitþh
can be neglected.
ðk1; k2Þ ¼ ð0:1;0:1Þ and (x1, x2) = (0.55, 0.9).

nd fault tolerant approach for mixed-product run-to-run control, J. Process
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4.2. The ramp fault

If a ramp fault fs occurs at the hth run, then its mathematical
expression can be written as

fs ¼
f ðs� hþ 1Þ; s P h;

0; s < h:

�
ð29Þ

where the slope of the ramp is f. The FT approach is discussed in fol-
lowing two cases:

Case A. f is known. We have the following FT approach, i.e.,
Fig. 5. Outputs of product 1 and product 2 by using the drift-compen

Fig. 6. Outputs of product 1 and product 2 by using the optimal drift-compe
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4.2.1. Drift-compensatory approach in present of ramp fault
If f is known, the output of product 1 at the nth run in cycle

tðt P 1Þ should be compensated as follows:

ðŶ itþnÞrf ¼ Yitþn þ c2u
n�2
1 Diðt�1Þþj1 n1k1 þ H � Lþun�1

1 ðG� E� FÞ
ð30Þ

where E ¼
Pj1�1

k¼1 uk
1giðt�1Þþj1�kþ1; F ¼

Pi
k¼j1

giðt�1Þþkþ1;G ¼
Pj1�2

k¼0 uk
1�

Diðt�1Þþj1�k�1n1k1; H ¼
Pn�3

k¼0uk
1Ditþn�2�kn1k1; L ¼

Pn�2
k¼0uk

1gitþn�k; gS ¼
dþ fs � fs � 1.

Proof. See Appendix F for details.
satory approach with ðk1; k2Þ ¼ ð0:1;0:1Þ and (x1, x2) = (0.5, 0.5).

nsatory approach with ðk1; k2Þ ¼ ð0:16; 0:99Þ and (x1, x2) = (0.01, 0.52).

nd fault tolerant approach for mixed-product run-to-run control, J. Process
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Case B. f is unknown. We can estimate f according to the following
theorem.

Theorem 2. If a ramp fault happens in cycle tðt P 1Þ, then the
estimated value of the slope is f̂ and
f̂ ¼ ðŶ itþhÞnf � T1 ð31Þ
Proof. See Appendix G for details.

Remark. f̂ includes the output N2eitþh
which is produced by instant

noise eit+h. So the actual value of the fault is f̂ � N2eitþh
. It is clear

from (31) that we have overcompensated �½ 1
1�u1
þun�1

1 ði�
j1Þ�N2eitþh

for the process outputs. The overcompensation will lead
the process outputs off target at the beginning runs of cycle t + 1,
Fig. 7. Output of product 1 with a ste

Please cite this article in press as: B. Ai et al., The optimal drift-compensatory a
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t + 2, . . .. However, since N2eitþh
is small compared with the value

of the fault and |u1| < 1, the overcompensation can be neglected
with the increase of n.
5. Simulation study

In this section, several simulation examples are provided to
illustrate few arguments presented above. The MSE and variance
of the products outputs are used to evaluate the performance of
the simulations.

We consider a case that two products, i.e., product 1 and prod-
uct 2, are manufactured on the same tool with the true parameters:
(a1, a2) = (1, 0.8), (b1, b2) = (0.6, 1), h = 0.5, r = 1, d = 1, j1 = 100, and
i = 200. Assume that the least square estimate of (b1, b2) are
(b1, b2) = (1, 0.6), and the desired target of product 1 and product
2 are (T1, T2) = (0, 10) .
p fault happens at the 441st run.

nd fault tolerant approach for mixed-product run-to-run control, J. Process
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As mentioned before k1; k2 2 ½0;1�, so in this example, we select
ðk1; k2Þ as (0.1, 0.1), and (x1, x2) = (0.55, 0.9), where (x1, x2)
are discount factors of product 2’s threaded-dEWMA controller.
So the calculated u1 ¼ 1� n1ðk1 þ k2Þ ¼ 0:88 < 1, /2 = 1 � n2(x1 +
x2) = � 1.4167 < � 1. Fig. 4 shows simulated outputs of product
1 and product 2 in cycle 0–5. It is obvious that the output of prod-
uct 1 is convergent while the output of product 2 is divergent. The
simulation result fit with our interpretation of the Proposition.

Fig. 5 shows simulated outputs of product 1 and product 2 in
cycle 0–5 by using the drift-compensatory approach without opti-
mal discount factors selection. The simulation result shows that
this approach can help eliminating the large deviation at the begin-
ning runs of cycle 1-5. However, the MSE and variance for both
products in each cycle are still very large. MSE of product 1 and
product 2 in each cycle are: [10.767 2.301 1.877 1.359 1.930
2.380] and [27.956 8.803 13.896 5.886 6.554 13.079]; variance
for each cycle are: [7.709 2.027 1.895 1.354 1.922 2.394] and
[28.238 8.892 14.036 5.946 6.620 13.211] respectively. Average
MSE (AMSE) of product 1 and product 2 are 3.435 and 12.696;
Average variances (AV) are 2.884 and 12.824 respectively.

If optimal discount factors selection is adopted, then we will
have the simulated outputs for each product in cycle 0–5 (as illus-
trated in Fig. 6). By solving Eq. (24), the optimal discount factors of
product 1 and product 2 are ðk1; k2Þ ¼ ð0:16;0:99Þ and (x1, x2) =
(0.01, 0.52), respectively. The large deviation at the beginning runs
of each cycle is also reduced. Furthermore, the MSE of product 1
and product 2 in each cycle are: [1.482 1.308 1.222 1.102 1.036
1.254] and [2.815 1.431 1.312 1.285 1.210 1.532]; variance in each
cycle are: [1.490 1.317 1.234 1.113 1.043 1.262] and [2.841 1.443
1.325 1.297 1.221 1.548] respectively. AMSE for product 1 and
product 2 are 1.234 and 1.597; AV are 1.243 and 1.612 respec-
tively. MSE and variance for both products in each cycle are de-
Fig. 8. Output of product 1 with a ram
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creased greatly compared with that in Fig. 5. Each cycle, MSE is
reduced by: [86.2% 43.2% 34.9% 18.9% 46.3% 47.3%] for product 1
and [89.9% 83.7% 90.5% 78.2% 81.5% 88.3%] for product 2; The var-
iance is also reduced by: [80.7% 35.0% 34.9% 17.9% 45.7% 47.3%]
and [89.9% 83.8% 90.6% 78.2% 81.6% 88.3%] respectively. Finally
AMSE is reduced by 64.1% for product 1, and 87.4% for product 2;
AV is reduced by 56.9% and 87.4% respectively.

For the drifted process, if a step fault with the magnitude equals
to 400 occurs at the 441st run, the drift-compensatory approach in
present of step fault is used. The simulation result of product 1 is
given in Fig. 7. Fig. 7a shows the process disturbance and the step
fault. Fig. 7b shows the compensated output of product 1. It is obvi-
ous that the proposed FT method is very effective to reduce this
kind of fault.

If a ramp fault with the slope of 10 occurs at the 441st run for
the drifted process, we have simulation results as illustrated in
Fig. 8. In Fig. 8a, the ramp fault and the process disturbance
are shown. When the ramp fault occurs, if we only use the opti-
mal drift-compensatory approach which does not consider the
fault, then the fault will lead the process outputs off specification
for a considerable runs (as shown in Fig. 8b). If the slope of the
ramp is known (Case A in Section 4), the output of product 1 is
presented in Fig. 8c by using the drift-compensatory approach
in present of ramp fault. It is obvious that the proposed method
is very effective to reduce the ramp fault. On the other hand, if
the value of the fault is unknown (Case B in Section 4), the out-
put of product 1 is given in Fig. 8d by using the FT approach in
Theorem 2. As was described in the remark of Theorem 2, the
process outputs will be off target in the first few runs of cycle
3 and cycle 4. However, the number of this abnormal runs is only
3 in Fig. 8d. Therefore to reduce the loss, test wafers can be used
here.
p fault happens at the 441st run.

nd fault tolerant approach for mixed-product run-to-run control, J. Process
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6. Conclusions

In this paper, we studied the mixed-product drifted process with
IMA(1, 1) disturbance as well as the step and the ramp fault in semi-
conductor manufacturing batch process. Based on a threaded-dEW-
MA controller, the process outputs of each run in each cycle are
derived. The drift-compensatory approach is proposed to deal with
the large deviations at the beginning runs of cycle 1,2, . . .. In order
to minimize the MSE and variance of the output, the ‘‘trade-off”
solution is adopted. Moreover, we also considered two kinds of
common fault – the step fault and the ramp fault, corresponding
fault tolerant approach is introduced to deal with the fault. Simula-
tion study shows that the approach is very effective.
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Appendix A

Combining (1), (3), (4), and (5), we have
Yitþn ¼

a1 þ n1T1 þ g1; n ¼ 1 and t ¼ 0;
a1 þ n1T1ð/1 þ k1 þ k2Þ � n1ðk1 þ k2Þða1 þ g1Þ þ g2; n ¼ 2 and t ¼ 0;
/1Yiðt�1Þþj1 þ n1ðk1 þ k2ÞT1 � n1k1Diðt�1Þþj1�1 þ gitþ1 � giðt�1Þþj1

; n ¼ 1 and t P 1;

/1Yitþ1 þ n1ðk1 þ k2ÞT1 � n1k1Diðt�1Þþj1 þ gitþ2 � gitþ1; n ¼ 2 and t P 1;
/1Yitþn�1 þ n1ðk1 þ k2ÞT1 � n1k1Ditþn�2 þ gitþn � gitþn�1; n ¼ 3;4; . . . ; j1:

8>>>>>><
>>>>>>:

ðA:1Þ
Set t = 0 in (A.1), and use iterative method, then

Yn ¼ u1Yn�1 þ n1ðk1 þ k2ÞT1 � Dn�2n1k1 þ gn � gn�1

¼ u2
1Yn�2 þ

X1

k¼0

uk
1n1ðk1 þ k2ÞT1 �

X1

k¼0

uk
1Dn�2�kn1k1

þ
X1

k¼0

uk
1ðgn�k � gn�k�1Þ

¼ un�2
1 Y2 þ

Xn�3

k¼0

uk
1n1ðk1 þ k2ÞT1 �

Xn�3

k¼0

uk
1Dn�2�kn1k1

þ
Xn�3

k¼0

uk
1ðgn�k � gn�k�1Þ

¼ un�1
1 Y1 þ

Xn�2

k¼0

uk
1n1ðk1 þ k2ÞT1 �

Xn�2

k¼0

uk
1Dn�2�kn1k1

þ
Xn�2

k¼0

uk
1ðgn�k � gn�k�1Þ

¼ un�1
1 ða1 þ n1T1 þ g1Þ þ

Xn�2

k¼0

uk
1n1ðk1 þ k2ÞT1

�
Xn�2

k¼0

uk
1Dn�2�kn1k1 þ

Xn�2

k¼0

uk
1ðgn�k � gn�k�1Þ ðA:2Þ
Appendix B

Setting n = 1 and t = 1 in (A.1), by the iterative method, we have
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Yiþ1 ¼ u1Yj1 þ n1ðk1 þ k2ÞT1 � Dj1�1n1k1 þ giþ1 � gj1

¼ uj1�1
1 ½a1 þ ðu1 þ k1 þ k2Þn1T1 � n1ðk1 þ k2Þða1 þ g1Þ þ g2�

þ
Xj1�3

k¼0

ukþ1
1 n1ðk1 þ k2ÞT1 þ n1ðk1 þ k2ÞT1

�
Xj1�3

k¼0

ukþ1
1 Dj1�k�2n1k1 � Dj1�1n1k1

þ
Xj1�3

k¼0

ukþ1
1 ðgj1�k � gj1�k�1Þ þ ðgiþ1 � gj1

Þ ðB:1Þ

Set n = j1 in (A.1), then

Yitþj1 ¼ u1Yitþj1�1 þ n1ðk1 þ k2ÞT1 � Ditþj1�2n1k1 þ gitþj1
� gitþj1�1

¼ uj1�2
1 Yitþ2 þ

Xj1�3

k¼0

uk
1½n1ðk1 þ k2ÞT1

� Ditþj1�k�2n1k1 þ gitþj1�k � gitþj1�k�1�

¼ uj1�1
1 Yitþ1 þ

Xj1�2

k¼0

uk
1½n1ðk1 þ k2ÞT1 þ gitþj1�k � gitþj1�k�1�

� ð
Xj1�3

k¼0

uk
1Ditþj1�k�2 þuj1�2

1 Diðt�1Þþj1 Þn1k1 ðB:2Þ

for t P 1.
Combining (A.1) and (B.2), we have

Yitþiþ1 ¼ u1Yitþj1 þ n1ðk1 þ k2ÞT1 � Ditþj1�1n1k1 þ giðtþ1Þþ1 � gitþj1

¼ uj1
1 Yitþ1 þ

Xj1�2

k¼0

ukþ1
1 ½n1ðk1 þ k2ÞT1 þ gitþj1�k � gitþj1�k�1�

�
Xj1�3

k¼0

ukþ1
1 Ditþj1�k�2n1k1n1ðk1 þ k2ÞT1

�uj1�1
1 Diðt�1Þþj1 n1k1 � Ditþj1�1n1k1 þ giðtþ1Þþ1 � gitþj1

¼ uj1t
1 Yiþ1 þ

Xt�1

m¼0

umj1
1

Xj1�1

k¼1

uk
1½n1ðk1 þ k2ÞT1 þ giðt�mÞþj1þ1�k

(

� giðt�mÞþj1�k� þ n1ðk1 þ k2ÞT1 �
Xj1�2

k¼0

uk
1Diðt�mÞþj1�k�1n1k1

�uj1�1
1 Diðt�m�1Þþj1 n1k1 þ giðtþ1�mÞþ1 � giðt�mÞþj1

)

¼ uj1tþ1
1 Yj1 þuj1t

1 n1ðk1 þ k2ÞT1 �uj1t
1 Dj1�1n1k1 þuj1t

1 ðgiþ1 � gj1
Þ

þ
Xt�1

m¼0

umj1
1

Xj1�1

k¼1

uk
1½n1ðk1 þ k2ÞT1 þ giðt�mÞþj1þ1�k � giðt�mÞþj1�k�

(

þ n1ðk1 þ k2ÞT1 � n1k1

Xj1�2

k¼0

uk
1Diðt�mÞþj1�k�1

�uj1�1
1 Diðt�m�1Þþj1 n1k1 þ giðtþ1�mÞþ1 � giðt�mÞþj1

o
¼ uj1ðtþ1Þ�1

1 ½a1 þ ðu1 þ k1 þ k2Þn1T1 � n1ðk1 þ k2Þða1 þ g1Þ þ g2�

þuj1tþ1
1

Xj1�3

k¼0

uk
1½n1ðk1 þ k2ÞT1 þ ðgj1�k � gj1�k�1Þ � Dj1�k�2n1k1�
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þuj1t
1 n1ðk1 þ k2ÞT1 �uj1t

1 Dj1�1n1k1 þuj1t
1 ðgiþ1 � gj1

Þ

þ
Xt�1

m¼0

umj1
1

Xj1�1

k¼1

uk
1½n1ðk1 þ k2ÞT1 þ giðt�mÞþj1þ1�k � giðt�mÞþj1�k�

(

þ n1ðk1 þ k2ÞT1 �
Xj1�2

k¼0

uk
1Diðt�mÞþj1�k�1n1k1

�uj1�1
1 Diðt�m�1Þþj1 n1k1 þ giðtþ1�mÞþ1 � giðt�mÞþj1

)
ðB:3Þ

From (B.1) and (B.3), we have

Yitþ1 ¼ uj1t�1
1 ½a1 þ n1T1ðu1 þ k1 þ k2Þ � n1ðk1 þ k2Þða1 þ g1Þ þ g2�

þuj1ðt�1Þþ1
1

Xj1�3

k¼0

uk
1½n1ðk1 þ k2ÞT1 þ ðgj1�k � gj1�k�1Þ

� Dj1�k�2n1k1� þuj1ðt�1Þ
1 n1ðk1 þ k2ÞT1

�uj1ðt�1Þ
1 Dj1�1n1k1 þuj1ðt�1Þ

1 ðgiþ1 � gj1
Þ

þ
Xt�2

m¼0

umj1
1

Xj1�1

k¼1

uk
1½n1ðk1 þ k2ÞT1 þ giðt�m�1Þþj1þ1�k

(

� giðt�m�1Þþj1�k� þ n1ðk1 þ k2ÞT1

�
Xj1�2

k¼0

uk
1Diðt�m�1Þþj1�k�1n1k1 �uj1�1

1 Diðt�m�2Þþj1 n1k1

þ giðt�mÞþ1 � giðt�m�1Þþj1

)
ðB:4Þ

for t P 1.
Combining (A.1) and (B.4), we have

Yitþn ¼ u1Yitþn�1 þ n1ðk1 þ k2ÞT1 � Ditþn�2n1k1 þ gitþn � gitþn�1

¼ un�1
1 Yitþ1 þ

Xn�2

k¼0

uk
1n1ðk1 þ k2ÞT1

þ
Xn�2

k¼0

uk
1ðgitþn�k � gitþn�k�1Þ � ðc2u

n�2
1 Diðt�1Þþj1

þ
Xn�3

k¼0

uk
1Ditþn�k�2Þn1k1 ðB:5Þ

where n1 ¼ b1
b1

, u1 ¼ 1� n1ðk1 þ k2Þ, c2 ¼
0; n < 2;
1; n P 2:

�
.

Appendix C

Taking the mathematical variance for (11), we have

VarðYitþnÞ ¼ Var½un�1
1 Yitþ1 þ

Xn�2

k¼0

uk
1ðeitþn�k � heitþn�k�1Þ�

¼ Varðun�1
1 Yitþ1Þ þ Varð

Xn�2

k¼0

uk
1eitþn�kÞ

þ Varðh
Xn�2

k¼0

uk
1eitþn�k�1Þ þ 2Covðun�1

1 Yitþ1;
Xn�2

k¼0

uk
1eitþn�kÞ

� 2Covðhun�1
1 Yitþ1;

Xn�2

k¼0

uk
1eitþn�k�1Þ

� 2Covðh
Xn�2

k¼0

uk
1eitþn�k;

Xn�2

k¼0

uk
1eitþn�k�1Þ

¼ u2ðn�1Þ
1 VarðYitþ1Þ þ ½ð1þ h2Þ1�u2ðn�1Þ

1

1�u2
1

� 2u2n�3
1 h� 2h

u1ð1�u2ðn�2Þ
1 Þ

1�u2
1

�r2 ðC:1Þ
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Calculating limit for (C.1), we get

lim
t!1
n!1

VarðYitþnÞ ¼
1� 2hu1 þ h2

1�u2
1

 !
r2 ðC:2Þ
Appendix D

Combining (1)–(5), (25), and (26) we have

EðYitþ1Þ ¼ T1 þ ð
u1

1�u1
þ iþ j1 � 1Þd

�
Xj1�2

k¼0

uk
1Diðt�1Þþj1�k�1n1k1 þ

Xj1�1

k¼1

uk
1ðfiðt�1Þþj1þ1�k

� fiðt�1Þþj1�kÞ þ fitþ1 � fiðt�1Þþj1 ðD:1Þ

EðYitþnÞ ¼ un�1
1 EðYitþ1Þ þ ð1�un�1

1 ÞT1

þ
Xn�2

k¼0

uk
1ðdþ fitþn�k � fitþn�k�1Þ � ðc2u

n�2
1 Diðt�1Þþj1

þ
Xn�3

k¼0

uk
1Ditþn�2�kÞn1k1

¼ T1 � un�1
1

Xj1�2

k¼0

uk
1Diðt�1Þþj1�k�1 þ c2u

n�2
1 Diðt�1Þþj1

 

þ
Xn�3

k¼0

uk
1Ditþn�2�k

!
n1k1

þ un�1
1

u1

1�u1
þ i� j1 þ 1

� �
þ 1�un�1

1

1�u1

� �
d

�un�1
1 ðfitþ1 � fiðt�1Þþj1 Þ þun�1

1

Xj1�1

k¼1

uk
1ðfiðt�1Þþj1þ1�k

� fiðt�1Þþj1�kÞ þ
Xn�2

k¼0

uk
1ðfitþn�k � fitþn�k�1Þ ðD:2Þ
Appendix E

Combine (25) and (27), and set n = h, then

T1 ¼ EððŶ itþhÞsf Þ

¼ EðYitþhÞ � uh�1
1

u1

1�u1
þ i� j1 þ 1

� �
þ 1�uh�1

1

1�u1

� �
d

�uh�1
1 ðfitþ1 � fiðt�1Þþj1 Þ �

Xh�2

k¼0

uk
1ðfitþh�k � fitþh�k�1Þ

�uh�1
1

Xj1�1

k¼1

uk
1ðfiðt�1Þþj1þ1�k � fiðt�1Þþj1�kÞ

þ ðuh�1
1

Xj1�2

k¼0

uk
1Diðt�1Þþj1�k�1 þ c2u

h�2
1 Diðt�1Þþj1 þ

Xh�3

k¼0

uk
1Ditþh�2�kÞn1k1

¼ EðYitþhÞ � uh�1
1

u1

1�u1
þ i� j1 þ 1

� �
þ 1�uh�1

1

1�u1

� �
d� f

þ uh�1
1

Xj1�2

k¼0

uk
1Diðt�1Þþj1�k�1 þ c2u

h�2
1 Diðt�1Þþj1 þ

Xh�3

k¼0

uk
1Ditþh�2�k

 !
n1k1

ðE:1Þ

Subtract (E.1) from (17), and define n = h, then

ðŶ itþhÞnf � T1 ¼ Yitþh � EðYitþhÞ þ f ¼ N1eitþh
þ f ¼ f̂ ðE:2Þ

where N1eitþh
is the process output which is produced by instant

noise eit+h.
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Appendix F

Combining (2), (26), and (29), we have

ws � ws�1 ¼ es � hes�1 þ dþ fs � fs�1 ¼ es � hes�1 þ gs ðF:1Þ

Combining (1)–(5), and (F.1) we get the following equation after
considerable algebraic manipulation:

EðYitþ1Þ � T1 ¼ Eþ F � G ðF:2Þ
EðYitþ2Þ � T1 ¼ u1ðEþ F � GÞ � Diðt�1Þþj1 n1k1 þ gitþ2 ðF:3Þ
EðYitþnÞ � T1 ¼ un�1

1 ðEþ F � GÞ þ L� ðH þun�2
1 Diðt�1Þþj1 Þn1k1 ðF:4Þ

where n P 3.
The following equation can be derived directly from equation

(F.2)–(F.4):

EðYitþnÞ � T1 ¼ un�1
1 ðEþ F � GÞ þ L� c2u

n�2
1 Diðt�1Þþj1 n1k1 � H

ðF:5Þ

where E ¼
Pj1�1

k¼1 uk
1giðt�1Þþj1�kþ1; F ¼

Pi
k¼j1

giðt�1Þþkþ1;G ¼
Pj1�2

k¼0 uk
1�

Diðt�1Þþj1�k�1n1k1;H ¼
Pn�3

k¼0uk
1Ditþn�2�kn1k1; L ¼

Pn�2
k¼0uk

1gitþn�k.Drift-

compensatory approach in present of ramp fault can be concluded
from (F.5).

Appendix G

If the value of the fault is known, we conclude from drift-com-
pensatory approach in present of ramp fault that the output at the
hth run in cycle t is ðŶ itþhÞrf . It considers both the drift and the ramp
fault, and ðŶ itþhÞrf can be got by (30):

ðŶ itþhÞrf ¼ Yitþh þ ½c2u
h�2
1 Diðt�1Þþj1 þ

Xh�3

k¼0

uk
1Ditþh�2�k�n1k1

�
Xh�2

k¼0

uk
1gitþh�k þuh�1

1

Xj1�2

k¼0

uk
1Diðt�1Þþj1�k�1n1k1

"

�
Xi

k¼j1

giðt�1Þþkþ1 �
Xj1�1

k¼1

uk
1giðt�1Þþj1�kþ1

#
ðG:1Þ

If we ignore the instant noise at hth run in cycle t, then the output
should be T1, i.e.,

T1 ¼ EððŶ itþhÞrf Þ

¼ EðYitþhÞ þ ðc2u
h�2
1 Diðt�1Þþj1 þ

Xh�3

k¼0

uk
1Ditþh�2�kÞn1k1

�
Xh�2

k¼0

uk
1gitþh�k þuh�1

1 ð
Xj1�2

k¼0

uk
1Diðt�1Þþj1�k�1n1k1

�
Xi

k¼j1

giðt�1Þþkþ1 �
Xj1�1

k¼1

uk
1giðt�1Þþj1�kþ1Þ ðG:2Þ

Substituting (29) and (26) into (G.2), we get

T1 ¼ EðYitþhÞ þ uh�1
1

Xj1�2

k¼0

uk
1Diðt�1Þþj1�k�1 þ c2u

h�2
1 Diðt�1Þþj1

 

þ
Xh�3

k¼0

uk
1Ditþh�2�k

!
n1k1 � uh�1

1
u1

1�u1
þ i� j1 þ 1

� �� �
d

þu1ð1�uh�2
1 Þ

1�u1
d� gitþh ðG:3Þ
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Subtract (G.3) from (17) and set n = h, then

ðŶ itþhÞnf � T1 ¼ Yitþh � EðYitþhÞ þ gitþh � d

¼ Yitþh � EðYitþhÞ þ f þ d� d

¼ N2eitþh
þ f

¼ f̂

ðG:4Þ
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